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Let Ω ⊂ R3 be open, bounded, with C2-boundary denoted by ∂Ω. Put Ω
c
:= R3\Ω

(exterior domain). Consider the Stokes system with traction boundary conditions,

−∆u+∇π = f, divu = 0 in Ω
c
,

3∑
k=1

(∂juk + ∂kuj − δjk π)n
(Ω) = bj (1 ≤ j ≤ 3). (1)

Here n(Ω) denotes the outward unit normal to Ω. Following up a suggestion by T. Hishida
(University of Nagoya), we could show that in general, problem (1) admits two solutions,
which differ insofar as the pressure part of one of them is Lγ-integrable near infinity for
some γ ∈ (1,∞) if f has sufficient decay, whereas the velocity part of the other one
satisfies a zero flux condition on ∂Ω.

More precisely, let q ∈ (1,∞), r ∈ (1, 3), s ∈ (1, 3/2), b ∈ W 1−1/q, q(∂Ω)3 and
f ∈ Lq(Ω

c
)3 ∩ Lr(Ω

c
)3 ∩ Ls(Ω

c
)3. Then for ν ∈ {1, 2}, there is a solution (u(ν), π(ν)) ∈

W 2,q
loc (Ω

c)3 ∩W 1,q
loc (Ω

c) of (1) such that

∂j∂ku
(ν), ∇π(ν) ∈ Lq(Ω

c
)3, ∂ju

(ν) ∈ L(1/r−1/3)−1

(Ω
c
)3, u(ν) ∈ L(1/s−2/3)−1

(Ω
c
)3

(1 ≤ j, k ≤ 3), and in the case ν = 1 in addition π(ν)|Bc
R ∈ Lγ(Bc

R) for some γ ∈ (3/2, ∞)
and some R ∈ (0,∞) with Ω ⊂ BR. In the case ν = 2 the condition on π(ν)|Bc

R is replaced
by

∫
∂Ω

u(ν) · n(Ω) dox = 0. In general the difference u(1) − u(2) is nonconstant.

Moreover the space of all functions (u, π) ∈ W 2,p
loc (Ω

c)3 ×W 1,p
loc (Ω

c) such that u|Bc
R ∈

Lt(Bc
R)

3 and ∇π|Bc
R ∈ Lσ(Bc

R)
3 for some p, t, σ ∈ (1,∞) and some R as above, and in

addition
∫
∂Ω

u · n(Ω) dox = 0, is a uniqueness class of solutions to (1). The same is true if

the condition
∫
∂Ω

u · n(Ω) dox = 0 is replaced by π|Bc
R ∈ Lγ(Bc

R) for some γ ∈ (1,∞) and
some R as above.


