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In the theory of the incompressible Navier-Stokes equatuons the Helmholtz decom-
position (HD) in Lq(Ω) plays a fundamental role. It holds if each f ∈ Lq(Ω) has the
unique decomposition f = f0 + ∇p with f0 ∈ Lqσ(Ω), ∇p ∈ Gq(Ω), satisfying the esti-
mate ‖f0‖q + ‖∇p‖q ≤ C ‖f‖q, C = C(Ω, q) > 0.

Here Lqσ(Ω) = C∞0,σ(Ω)
‖·‖q denotes the closure of smooth divergence free vector functions

with compact support in Ω, and Gq(Ω) = {∇p ∈ Lq(Ω); p ∈ Lqloc(Ω)} ⊆ Lq(Ω) the
gradient subspace of Lq(Ω).

Our investigation of (HD) is based on a gradient estimate (GE) in the form ‖∇p‖q ≤
C sup |〈∇p,∇v〉Ω|/‖∇v‖q′ , ∇v ∈ Gq′(Ω), q′ = q

q−1 , with some constant C = C(Ω, q) > 0.
This estimate was introduced in [1] for smooth bounded and exterior domains. We show
for general domains Ω ⊆ Rn, n ≥ 2, 1 < q <∞ that the validity of this gradient estimate
(GE) in Gq(Ω) and in Gq′(Ω) is necessary and sufficient for the validity of the Helmholtz
decomposition in Lq(Ω) and in Lq′(Ω).
A second approach concerns the estimate (DE) for divergence free functions f0 ∈ Lqσ(Ω)
in the form ‖f0‖q ≤ C sup |〈f0, w〉Ω|/‖w‖q′ , w ∈ Lq

′
σ (Ω). We show for general domains

that the validity of this estimate in Lqσ(Ω) and in Lq′σ (Ω) is also necessary and sufficient
for the validity of the Helmholtz decomposition in Lq(Ω) and in Lq′(Ω).
Finally, we study the optimal constants in the estimates (GE) and (DE) and prove that
these constants coincide.
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